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ABSTRACT
In a star cluster with a sufficiently large escape velocity, black holes (BHs) that are
produced by BH mergers can be retained, dynamically form new BH binaries, and
merge again. This process can repeat several times and lead to significant mass growth.
In this paper, we calculate the mass of the largest BH that can form through repeated
BH mergers and determine how its value depends on the physical properties of the
host cluster. We adopt an analytical model in which the energy generated by the
black hole binaries in the cluster core is assumed to be regulated by the process of
two-body relaxation in the bulk of the system. This principle is used to compute
the hardening rate of the binaries and to relate this to the time-dependent global
properties of the parent cluster. We demonstrate that in clusters with initial escape
velocity & 300 km s−1 in the core and density & 105 Mpc−3, repeated mergers lead to
the formation of BHs in the mass range 100− 105 M, populating any upper mass gap
created by pair-instability supernovae. This result is independent of cluster metallicity
and the initial BH spin distribution. We show that about 10% of the present-day
nuclear star clusters meet these extreme conditions, and estimate that BH binary
mergers with total mass & 100 M should be produced in these systems at a maximum
rate ≈ 0.05 Gpc−3yr−1, corresponding to one detectable event every few years with
Advanced LIGO/Virgo at design sensitivity.
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1 INTRODUCTION
Dynamical three-body interactions in the dense core of a
star cluster lead to the efficient formation, hardening and
merger of black hole (BH) binaries (Kulkarni et al. 1993; Sig-
urdsson & Hernquist 1993). Numerical simulations based on
Monte Carlo and N-body techniques (e.g., Portegies Zwart
& McMillan 1999; Downing et al. 2010; Banerjee et al. 2010;
Tanikawa 2013; Rodriguez et al. 2015, 2016; Askar et al.
2017; Samsing et al. 2018) have shown that such dynamically
formed binaries could explain many, or perhaps even most, of
the BH mergers that have been observed by Advanced LIGO
and Virgo (Abbott et al. 2016a, 2017c). However, it remains
an open question what physical properties will allow to dis-
tinguish these systems from binaries which are produced in
the field of a galaxy through either the evolution of isolated
pairs of massive stars (Belczynski et al. 2002; Amaro-Seoane
? f.antonini@surrey.ac.uk
& Chen 2016; Belczynski et al. 2016; Marchant et al. 2016;
Mandel & De Mink 2016; Gerosa et al. 2018; Spera et al.
2018; Amaro-Seoane 2018b) or in hierarchical triple systems
via the Lidov-Kozai mechanism (Silsbee & Tremaine 2017;
Antonini et al. 2017, 2018; Rodriguez & Antonini 2018; Liu
& Lai 2018). Currently, both cluster and field formation sce-
narios appear to be broadly consistent with the Advanced
LIGO/Virgo detections (Abbott et al. 2016b).
A possible way to determine which formation mecha-
nism is dominant is to compare the mass function of the
detected binaries to model predictions. The BHs that are
produced through three body dynamical processes in a dense
star cluster might in fact be much heavier than those formed
from the collapse of massive stars. Field formation scenar-
ios predict long times between the formation and merger
of a compact binary (e.g., Belczynski et al. 2002), so that
repeated mergers should be nearly impossible in this case.
On the other hand, in star clusters with sufficiently large es-
cape velocities, BHs that are produced by previous mergers
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can be retained after the momentum kick due to the merger,
form new binaries, and merge again (Antonini & Rasio 2016;
Rodriguez et al. 2018). Statistically observable imprints in
the properties of the newly formed BHs are expected (An-
tonini & Rasio 2016; Gerosa & Berti 2017; Fishbach et al.
2017; Rodriguez et al. 2018): they should be more massive
than BHs born from“ordinary”stellar evolution; they should
merge later, at lower redshift, than earlier generation BHs;
and after a few mergers their dimensionless spin magnitudes
(on average) should cluster around ≈ 0.7 1 while if the holes
have gained a significant fraction of their mass via minor
mergers their spin should be low (e.g., Miller 2002).
During the inspiral of a binary BH, gravitational wave
(GW) radiation is emitted anisotropically due to asymme-
tries in the merger configuration. Numerical relativity simu-
lations show that the kick velocity for non-spinning objects
depends on the mass ratio of the binary q = m2/m1 ≤ 1
as vGW ≈ 175 km s−1 f (q), where f (q) = 68.5 η2(1− 4η)1/2(1−
0.93η) and η ≡ q/(1+q)2, which peaks at f (q ≈ 0.36) = 1 and
vanishes at f (0) = f (1) = 0. But, if the BHs have a finite
spin, the kick could be much larger (Damour & Gopaku-
mar 2006; Gonza´lez et al. 2007b; Campanelli et al. 2007).
Generally, whether significant BH growth occurs or not will
depend on the host cluster physical properties. Rodriguez
et al. (2018) set the initial spin of the BHs to zero and showed
that in this case second-generation BHs can form in clus-
ters with properties similar to current day globular clusters.
However, the second generation BHs are promptly ejected
after a second merger, so that no growth above about 100M
can ever occur in globular clusters.
In this paper, we compute the mass of the largest BH
that can be formed through hierarchical mergers of smaller
BHs, and determine how its value is set by the global prop-
erties (i.e., mass and averaged density) of the host cluster,
including a prescription for the dynamical evolution of the
cluster itself. The possibility of significant BH growth within
a dense star cluster has been explored before (e.g., Quinlan
& Shapiro 1987; Davies et al. 2011; Lupi et al. 2014). Most
of this previous work focused on the evolution of extremely
dense clusters where a relativistic instability sets in, driving
the formation of a massive seed via the “catastrophic” col-
lapse of the cluster core. For this collapse to occur, however,
the merger timescale of binaries due to the emission of grav-
itational radiation must be shorter than the timescale for
cluster heating via binary-single encounters. This condition
typically requires a cluster velocity dispersion & 1000 km s−1
(e.g., Lee 1995; Kupi et al. 2006), which is much larger than
that measured in present-day star clusters.
Here, we work under the more conservative and realistic
assumption that the dynamical hardening of BH binaries
is an efficient energy source which complies with He´non’s
principle (He´non 1975). According to this principle, the rate
of energy generation in the core is regulated by the energy
demands of the bulk of the system. Breen & Heggie (2013)
showed that a population of stellar-mass BHs can act as
the central energy source, implying that there is thermal
contact between the BHs and the stars. As a consequence,
1 A dimensionless spin magnitude of one corresponds to a max-
imally spinning BH, while zero spin magnitude corresponds to a
non-spinning BH.
a BH population can be dynamically retained for as long
as 10 half-mass relaxation timescales of the cluster. For
the systems we consider here, the bulk of the system is in
the light stellar component, while the energy flux must be
supplied by the BHs, and ultimately must be generated by
hard binaries in the core of the BH subsystem (e.g., Breen
& Heggie 2013). He´non’s principle allows us to relate the
hardening rate of the binaries to the global properties of
their parent cluster, as opposed to the core properties as
done in the previous literature (e.g., Gu¨ltekin et al. 2004;
Antonini & Rasio 2016; D’Orazio & Samsing 2018; Choksi
et al. 2018). The advantage is that the energy generated by
the binaries in the core can be easily linked to the secular
evolution of the cluster, and thus a complete description of
the cluster and binary evolution can be obtained.
In Section 2, we describe the analytical model that we
used to compute the hardening rate of BH binaries and the
evolution of the cluster in which they reside. We use this
model to study the mass growth of a BH seed undergoing
repeated mergers with smaller objects. In order to treat this
problem analytically we first work under the simplifying as-
sumption that dynamical and GW recoil kicks can be ig-
nored. In Section 3, we add these and other additional in-
gredients to our models using a semi-analytical method. We
adopt this method to follow the long term evolution of BHs
in dense star clusters and to derive the properties of the
merging binaries they produce. The astrophysical implica-
tions of our results are discussed in Section 4.
2 BINARY HEATING
Let us assume that the heating rate of BH binaries is so
high that we need to invoke a “capped” heating rate, which
is set by the maximum heat flow that can be conducted
outward by two-body relaxation. This condition may not
be met soon after the formation of the cluster, but because
the dynamical friction time of BHs is short and BH binary
formation is efficient, heating by BHs quickly goes up to
generate the maximum heat flow. This means that the heat
production in the centre by BHs is balanced by the global
energy flow (He´non 1961; Gieles et al. 2011; Breen & Heggie
2013) and we can relate the heat generation to the cluster
properties:
E˙ = ζ
|E |
τrh
, (1)
where E ' −0.2GM2cl/rh is the total energy of the cluster,
with Mcl the total cluster mass and rh the half-mass radius.
The constant ζ ' 0.1 (Gieles et al. 2011; Alexander & Gieles
2012), and τrh is the average relaxation time-scale within rh
which is given by (e.g., Spitzer & Hart 1971)
τrh = 0.138
√
Mclr3h
G
1
〈m?〉ψ lnΛ . (2)
Here 〈m?〉 is the mean mass of the stars and stellar remnants
and lnΛ is the Coulomb logarithm, which depends weakly
on the total number of stars; we ignore this dependence and
set lnΛ = 10. The constant ψ depends on the mass spectrum
within rh, and is often assumed to be ψ = 1, which applies
to equal-mass clusters. For a full mass spectrum, however,
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ψ can be as high as ψ ' 30 − 100 (Gieles et al. 2010). In
what follows, we adopt ψ = 5. This takes into account that
in the early evolution of the cluster (first ∼ 100Myr) the
mass function contains more massive stars and ψ is high.
After this time, as a result of the BHs, the mass function
remains wide despite the turn-off mass being . 1M. In
the case of equipartition, Eq. (24) in Spitzer & Hart (1971)
states: ψ = 〈m2.5? 〉/〈m?〉2.5. If we approximate the cluster by
two mass components, BHs with mass 10M and stars with
mass 0.6M, then for a mass fraction in BHs of a few percent
we find ψ ' 5.
Combining the two expressions above we find for the
heating rate for 〈m?〉 = 0.6 M, ζ = 0.1 and ψ = 5
E˙0 ' 2.3 × 105 M (km s−1)2 Myr−1M2/35 ρ
5/6
5,0 , (3)
where the subscript 0 refers to initial values and we ex-
pressed the result in terms of M5 = Mcl/105 M and ρ5,0 =
ρh,0/105 M/pc3, with ρh,0 = 3Mcl/(8pir3h,0) the averaged den-
sity within the cluster half-mass radius.
In the absence of other effects, the cluster has a constant
radius until t = t0, where t0 is the time for BHs to reach
the centre and start heating the cluster. This is a fraction
of the initial τrh, i.e., . 1 Myr for the model parameters
used about, hence we can safely assume that heating starts
immediately and therefore t0 = 0. In Section 3 we include
larger t0, because for the most massive clusters t0 can be
& 100 Myr. If we neglect mass loss from stellar evolution
and the escape of BHs and stars (i.e., we assume a constant
Mcl), then the evolution of the cluster radius follows from the
energy evolution and the assumption of virial equilibrium:
r˙h/rh = E˙/|E | and solving this gives (He´non 1965)
rh(t) = rh,0
(
3
2
ζ t
τrh,0
+ 1
)2/3
, (4)
such that
vesc(t) = vesc,0
(
3
2
ζ t
τrh,0
+ 1
)−1/3
, (5)
where
vesc,0 ' 50 km s−1 M1/35 ρ
1/6
5,0 , (6)
τrh,0 ' 7.5 Myr M5ρ−1/25,0 . (7)
The constant of proportionality in the escape velocity ap-
plies to a King (1966) model with W0 = 7. Substituting these
relations in Eq. (3) we find
E˙(t) ' E˙0
(
3
2
ζ t
τrh,0
+ 1
)−5/3
. (8)
The rapid decrease of E˙ with time is the result of cluster
expansion, increasing τrh and lowering E (see Eq. 1).
Assuming that the heating is produced by the BH bi-
naries in the core, it follows that the rate at which the core
binaries harden is2
E˙bin = −E˙ , (9)
where Ebin = −Gm1m2/2a, and m1 and m2 are the masses of
the binary components. Here we have assumed that at any
time one binary is responsible for most of the heat produc-
tion in the cluster core.
We can compare our results to the scaling of the hard-
ening rate often used in previous work (e.g. Heggie & Hut
2003; Binney & Tremaine 2011): E˙bin = 0.2Ebin/τenc, where
τ−1enc ' 8piGρa/σ is the binary-single encounter timescale,
and ρ and σ are the density and velocity dispersion of
the BHs near the binary, respectively. A choice often
made in the literature is to set ρ equal to the density
of stars in the core (Gu¨ltekin et al. 2004, 2006; Antonini
& Rasio 2016; Samsing & D’Orazio 2018; Samsing 2017;
Choksi et al. 2018). This choice, however, is quite ar-
bitrary as the core density of the BHs is not known a
priori and cannot be easily linked to the cluster global
properties. For the King model used above, taking m1 =
m2 = 10M one finds E˙bin ' −piG2m1m2ρ/σ = −7 ×
102M (km s−1)2 Myr−1M−1/3cl ρ
5/6
h . Our assumption of bal-
anced equilibrium instead led to the different normalisation
and scaling E˙bin ' −2.3 × 105M (km s−1)2 Myr−1M2/3cl ρ
5/6
h .
The much lower value for the binary heating rate used in
some previous studies implies a non-equilibrium state where
the rate of energy generation by the core binaries cannot sus-
tain the cluster core against collapse. In this situation, the
BH core will rapidly contract causing the binary-single in-
teraction rate to increase until E˙bin matches the value given
by our Eq. (9), after which the balanced evolution will be
restored. This fits in the view that the rate of flow of en-
ergy is controlled by the system as a whole, not by its core
properties.
Eq. (9) can be equivalently expressed in terms of the
binary semi-major axis,
a˙ =
2a2
Gm1m2
E˙bin . (10)
The lifetime of a BH binary is then
τbin =
∫ ah
am
Gm1m2
2a2
E˙−1binda ' −
Gm1m2
2am
E˙−1bin, (11)
with ah ≈ Gµ/σ2 the semi-major axis at the hard/soft
boundary, where µ = m1m2/(m1 + m2), and am the semi-
major axis at which the sequence of hardening interactions
terminates because either the binary merges or it is ejected
from the cluster. This latter quantity is determined by
am = max
(
aGW, aej
)
, (12)
with aGW and aej defined below. Note that when solving
Eq. (11) we have taken E˙bin out of the time integral, i.e., we
have assumed that the cluster properties do not change over
2 We note that in balanced evolution |E˙bin | is actually slightly
larger than E˙, because some of the binary energy is used to eject
stars/BHs with velocities in excess of the local escape velocity.
The removal of the binding energy of the star/BH contributes
indirectly to the heating of the core, but the excess energy above
the escape energy does not contribute to the heating. For single-
mass clusters, |E˙bin | ' 1.1E˙ (Goodman 1984).
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τbin. This is justified because |E/Ebin | ∼ Mcl/(m1 + m2)  1.
Moreover, we have used the fact that am  ah.
As the binary binding energy increases following a
binary-single interaction, from energy and momentum con-
servation one finds that the centre of mass receives a recoil
kick with velocity (Miller & Lauburg 2009)
v22−1 ' 0.2G
m1m2
m123
q3
a
, (13)
where q3 = m3/(m1 + m2), with m3 the mass of the inter-
loper, and m123 = m1 + m2 + m3. In deriving Eq. (13) we
have assumed that during each binary-single interaction the
binding energy of the binary increases by a fixed fraction
δ ≈ 0.2 (e.g., Quinlan 1996; Miller & Hamilton 2002a). It
follows that the binary is ejected from the cluster when its
semi-major axis drops below (Antonini & Rasio 2016):
aej = 0.2G
m1m2
m123
q3
v2esc
' 0.1AU
(
m1m2
m123
q3
0.6
M
) (
50km s−1
vesc
)2
. (14)
In reality, for the high velocity dispersion clusters con-
sidered here, most (if not all) binaries will merge before a
has decreased to aej. Then, the semi-major axis at which a
merger will occur is determined by requiring that the rate
of energy loss due to dynamical hardening equals that due
to GW radiation (Peters 1964):
a˙ |GW = −645
G3m1m2(m1 + m2)
c5a3(1 − e2)7/2 g(e), (15)
with c the speed of light, e the binary eccentricity, g(e) =(
1 + 7324 e
2 + 3796 e
4
)
, and the merger time is τGW = a/|a˙ |GW |.
Solving a˙ |GW = a˙, gives
aGW =
(
−32
5
G4(m1m2)2(m1 + m2)g(e)
c5(1 − e2)7/2 E˙
−1
bin
)1/5
' 10−2 AU *, (m1m2)
2(m1 + m2)
M5
M (km s−1)2 Myr−1
E˙bin
+-
1/5
×
(
g(e)
(1 − e2)7/2
)1/5
; (16)
at aGW the rate of orbital evolution due to binary-single en-
counters is comparable to that due to GW emission. Note
that that for clusters in which dynamical ejections can be ig-
nored, Eq. (16) and Eq. (11) show that the binary hardening
rate and lifetime are independent of m3.
In the next section we will use the model described
above to address under which conditions the merger of
stellar-mass BHs in a dense star cluster can lead to the rapid
growth of a massive seed.
2.1 Mass growth of a central seed
There are (at least) two mechanisms that could lead to the
ejection of BHs from a cluster: (i) binary-single interactions
in which either one BH, or both the binary and the single
BH escape as the result of momentum conservation; and (ii)
the relativistic momentum kick of the merger due to the
anisotropic emission of GW radiation. We consider here an
analytical model where these two mechanisms are ignored.
This more tractable and idealized model will provide some
important insights on the behavior of real clusters, that are
Figure 1. Time evolution of E˙ and M as a function of cluster
mass and density. In the bottom panel we set m2 = M0 = 20M
and e = 2/3 (the mean value of a thermal distribution; Jeans
1919).
independent of the assumptions made. Moreover, it is a par-
ticularly good approximation in at least two cases of inter-
est: for clusters with large escape velocities, and for q  1
leading to low recoil kicks.
If we assume that the ejection mechanism (i) can be
ignored, then the overall merger rate of BH binaries is simply
given by
Γm ' τ−1bin =
2aGW
Gm1m2
|E˙bin | . (17)
Hence, the merger rate of BH binaries produced dynamically
inside a massive cluster is approximately proportional to
the hardening rate of the core binaries and scales with the
cluster properties as Γm ∝ M8/15cl ρ
2/3
h . Note that the latter
expression gives the BH merger rate even in the presence
of relativistic kicks, but only until the escape velocity of
the cluster is sufficiently large that mechanism (i) can be
ignored, which requires vesc & 100 km s−1 (Antonini & Rasio
2016). This condition is often met in present-day nuclear star
clusters, and might also have been present in smaller clusters
if they were initially much denser than observed today (see
also Section 4).
A natural question to ask is whether significant growth
can ever occur on a sufficiently short timescale. If we now
neglect both ejection mechanisms (i) and (ii) above, then Eq.
(17) leads to the following upper limit to the mass growth
rate associated with a BH undergoing repeated mergers with
smaller BHs of mass m2:
M˙ = Γmm2 . (18)
Clearly, this latter expression should be interpreted as an
upper limit to the real growth rate because we are neglect-
ing dynamical and GW kicks. Such kicks will slow down the
growth process by removing temporarily the hole from the
cluster core, or halt it by fully removing the BH from the
cluster when the recoil is sufficiently large. These additional
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complications will be considered in the analysis of the fol-
lowing section.
Integrating Eq. (18), we find the BH seed growth equa-
tion
M (t) 'M0 +
[ 42
5G
K1/5GWm
2/5
2 |E˙bin,0 |4/5
× 2τrh,0
3ζ
*,1 − 1(3ζ t/2τrh,0 + 1)3/2 +-
]5/7
. (19)
where KGW = 325 G
4g(e)c−5(1 − e2)−7/2, and M0 is the initial
BH mass. The growth timescale is
τM =
2τrh,0
3ζ

*.,1 −
5G
(M −M0)7/5
42K1/5GWm
2/5
2 |E˙bin,0 |4/5
3ζ
2τrh,0
+/-
−2/3
− 1
 .
(20)
The mass growth predicted by Eq. (19) is shown in Fig-
ure 1 as a function of cluster mass and central density (bot-
tom panel); the upper panel of the figure gives the evolu-
tion of the binary hardening rate. From Figure 1 we see
that the growth of the seed mass is interrupted soon after
the relaxation driven expansion of the cluster starts, caus-
ing |E˙bin | to decrease. The physical reason that the merger
rate drops, is because the energy demand decreases, and sig-
nificant drop in a˙ happens after one initial relaxation time,
which is ∝ Mcl/√ρh. In fact, Eq. (19) implies that for t → ∞,
M (t) takes the finite value
Mmax =M0 + 110 MM23/215 ρ
5/42
5,0 m
2/7
20 , (21)
with m20 = m2/20M. Eq. (21) demonstrates the important
result that the maximum mass that can be attained via hi-
erarchical mergers is set by the mass of the host cluster, and
it is approximately independent of the cluster density, the
seed mass M0 and the mass of the accreted BHs.
The model presented here leads to the following conclu-
sions. First, Eq. (21) shows that a minimum mass Mcl &
106M is required for the formation of a BH with mass
M & 103M. This implies that massive clusters are the only
places in which significant growth can ever occur through re-
peated BH collisions. Second, the lack of dependence onM0
and m2 shows that the growth process should be largely inde-
pendent of the the initial BH mass distribution and therefore
of metallicity. These conclusions are supported by the more
detailed models described in the following section, which in-
clude additional physics that we have so far ignored, e.g.,
dynamical friction, natal kicks, GW and dynamical recoil
kicks. Including these effects increases the importance of the
initial cluster density. The main results of our work are de-
rived from these more detailed models.
3 METHOD
We simulate the evolution of the cluster and of its BH popu-
lation using a semi-analytical technique. Briefly, we assume
that at any time a BH binary exists in the cluster core and
that this binary hardens at a rate given by Eq. (10). Thus,
each binary remains in the cluster core for a time τbin, and
after this time a new binary is formed. We evolve the clus-
ter BH population until either all BHs have been ejected, or
until a time of 13 Gyr has passed. Additional details of our
method are given in the following.
As a first step we initialise the cluster model. This is de-
termined by two parameters: the initial density, ρh,0, and the
cluster mass, Mcl. All time dependent quantities are derived
from the analytical model of Section 2.
Then, we set the initial mass and spin distributions of
the BHs. The initial spins of the BHs are drawn uniformly
from the range χ = cJ/(Gm2) = [0, 1), with J the spin an-
gular momentum and m the BH mass. In order to address
how our results depend on the assumed spin distribution,
we also explore other choices for the BH spins, setting their
initial values all to 0 or 0.8. When a BH remnant is re-
tained and merges with new BH companions, we then track
the evolution of its spin magnitude forward in time using the
prescriptions in Rezzolla et al. (2008). We sample the masses
of the stellar progenitors from a Kroupa initial mass func-
tion (Kroupa 2001) with masses in the range 20 to 100M,
and evolve the stars to BHs using the Single Stellar Evolu-
tion (SSE) package (Hurley et al. 2002). We consider the
lower limit of 20M because only stars with masses larger
than this produce BHs. Unless otherwise specified, we take
a metallicity Z = 0.1Z. But note that for the stellar mass
range considered, metallicities lower than this would all pro-
duce similar initial BH mass functions (e.g., Spera & Mapelli
2017). Our models adopt the updated prescriptions for stel-
lar winds and mass loss, in order to replicate the BH mass
distribution of Dominik et al. (2013) and Belczynski et al.
(2010), but include updated prescriptions for the pulsational
pair-instability in massive stars (Belczynski et al. 2016). In
our simulations, no BH can be born with a mass above 40M.
Our initial sample contains a number of BHs equal to 0.2%
of the total number of stars in the cluster (typical for a stan-
dard initial mass function; e.g., Lo¨ckmann et al. 2010). For
this choice we find that about 4% (2%) of the total cluster
mass is in BHs for Z = 0.1Z (Z = Z).
For each BH we compute a natal kick velocity from a
Maxwellian with dispersion 265km s−1, as commonly done
for neutron stars (Hobbs et al. 2005), and assume that the
momentum imparted on a black hole is the same as the mo-
mentum given to a neutron star (Fryer & Kalogera 2001).
Thus, the natal velocity of a BH is lowered by the factor of
1.4M/m, with 1.4M the typical neutron star mass. From
this initial sample we remove those BHs which received a
natal kick with velocity larger than vesc,0. Using this pre-
scription, and for the high velocity dispersion clusters we
consider below (vesc,0 & 70km s−1), the fraction of ejected
BHs to their initial number is in all cases . 0.01. Note that
the fraction of ejected BHs depends on the initial escape
velocity which is related to the cluster mass and density
through Eq. (6) .
At the start, we assign to each BH a dynamical friction
time scale (Binney & Tremaine 2011):
τdf ' 1.65 r2h
σ
lnΛGm
= 4.5 Myr
( m
20 M
)−1
M5ρ
−1/2
5,0 (22)
where σ is the cluster one-dimensional velocity dispersion,
and vesc ' 4.77σ for the adopted cluster King model. After
this time has passed, a BH enters the core region and is al-
lowed to form a binary with another BH. After a time tbin a
new binary is formed assuming that the pairing probability
for its BH components scales as ∝ (m1 + m2)4, appropriate
for binaries formed via three body processes (O’Leary et al.
2016). Setting the formation time for the next binary equal
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Figure 2. Mass of the merging BH binaries formed in four example clusters. We consider two models with the same total mass but
different densities to illustrate the effect of the latter on the evolution of the BH population. In the left panels the BH spins are distributed
uniformly between 0 and 1; in the right panels the BHs have no spin initially. Red circles are BH remnants which are retained inside the
cluster, following a relativistic kick.
Figure 3. Maximum mass, Mmax, of the merging BH binaries formed over 13Gyr of evolution, as a function of cluster properties. For
each value of cluster density and mass we display the results from 30 random cluster realisations. Solid lines are median values. In the
top-right we set Z = Z, and in the lower panels we set the initial BH spin magnitudes to 0.8 (left) and 0 (right). A comparison of these
latter models to our fiducial set with Z = 0.1 × Z and initial spins in the range χ = [0, 1) (upper left) shows that assumptions on spins
and metallicity have little effect on the value of the cluster mass and density at which substantial BH growth occurs.
to the hardening timescale assures that at any time a binary
exists in the centre, providing the energy needed to sustain
the cluster core against collapse. The time from binary for-
mation to merger is set equal to τmerge(am) = τbin + τGW,
where am is obtained by sampling e from a thermal distri-
bution, N (< e) ∝ e2.
After a merger, the remnant BH receives a recoil kick
as the result of the anisotropic emission of GW radiation
with velocity vGW (typically, vGW  v2−1). The subsequent
evolution of the merger remnant depends on whether it is
retained or not in the cluster. We compute vGW using the
fitting formula based on the results from numerical relativity
simulations of Lousto & Zlochower (2008),
~vGW = vm eˆ⊥,1 + v⊥(cos ξ eˆ⊥,1 + sin ξ eˆ⊥,2) + v‖ eˆ‖, (23)
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Figure 4. Similar to Fig. 3, but now the mass of the largest BH formed over 13 Gyr, Mmax, is plotted as a function of cluster initial
escape velocity. Different colors correspond to different densities as indicated in Fig. 3.
Figure 5. Zoom-in of the results displayed in Fig. 3, showing
the largest BHs formed in clusters with initial escape velocity
. 300km s−1 and ρh,0 = 104 M pc−3. In these clusters, any growing
BH is ejected after a few mergers, implying that the maximum
mass that can be built though hierarchical mergers is affected
significantly by the initial mass function of the BHs and their
spins.
vm = Aη2
√
1 − 4η (1 + Bη), (24)
v⊥ =
Hη2
(1 + q)
( χ2‖ − q χ1‖ ), (25)
v‖ =
16η2
(1 + q)
[
V1,1 + VA S˜‖ + VB S˜2‖ + VC S˜
3
‖
]
×
| ~χ2⊥ − q ~χ1⊥ | cos(φ∆ − φ1), (26)
where η ≡ q/(1 + q)2, and q = m2/m1; ⊥ and ‖ refer to
vector components perpendicular and parallel to the orbital
angular momentum, respectively, and eˆ⊥,1 and eˆ⊥,2 are or-
thogonal unit vectors in the orbital plane. The vector ~˜S ≡
2( ~χ2 +q2 ~χ1)/(1+q)2. The values of A = 1.2×104 km s−1, B =
−0.93, H = 6.9 × 103 km s−1, and ξ = 145◦ are from Gonza´lez
et al. (2007a) and Lousto & Zlochower (2008), and V1,1 =
3677.76 km s−1, VA = 2481.21 km s−1, VB = 1792.45 km s−1, and
VC = 1506.52 km s−1 are taken from Lousto et al. (2012). The
angle φ∆ is that between the in-plane component ~∆⊥ of the
vector ~∆ ≡ (m1 + m2)2( ~χ2 − q ~χ1)/(1 + q) and the infall di-
rection at merger. We take the phase angle φ1 of the binary
to be random, and assume that the spin directions during
mergers are isotropically distributed on the sphere. We then
assign a kick velocity vGW to the merger remnant.
The subsequent evolution has the following two possi-
bilities: (i) vGW > vesc. In this case the remnant is ejected
from the cluster, the remnant BH is removed from the sam-
ple, and a new binary is formed. (ii) vGW < vesc. In this case,
the remnant remains in the cluster, we sum the masses of
the two BHs and estimate the spin of the remnant follow-
ing the prescriptions in Rezzolla et al. (2008). The remnant
is deposited at a distance3 rin ' rh
√
v4esc/(v2esc − v2GW)2 − 1,
sinks back to the core on the timescale τdf (rin) and remains
“inactive” until this time has passed. After a recoil kick, the
BHs will oscillate with decreasing amplitude, losing energy
via dynamical friction; τdf (rin) provides an approximation of
the time over which the amplitude of the motion will fall
to roughly the core radius. For a detailed treatment of this
problem see Webb et al. (2018) (and references therein). Af-
ter a time τdf , the remnant is reintroduced in the core sample
and is allowed to form a new binary. While the remnant stays
inactive, new hard binaries are allowed to form in the core.
3 This was derived for a Plummer (1911) model, and it provides a
good approximation also for moderately concentrated King mod-
els with W0 . 6. If the clusters are more centrally concentrated,
then the excursions are smaller (by 1 order of magnitude for
W0 = 8) and τdf shorter.
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Figure 6. Upper panels show the fraction of cluster models that
are able to grow a BH of mass 5×102 (left) and 5×103 (right) over
a total of 13 Gyr of evolution. In the lower panels we show the
timescale at which these BHs are formed. For each value of cluster
density and mass we display the results from 30 random cluster
realisations. The figures refer to our models with Z = 0.1Z and
initial spins distributed between 0 and 1.
We terminate the integration if a time t = 13 Gyr is
reached, or all BHs have been removed from the cluster, in-
cluding both the ejected binaries and the ejected interlopers.
Noting that the condition for the recoil velocity experienced
by a BH interloper to be larger than vesc is a ≤ a3 = aej/q23 ,
then the total number of BHs ejected by a hard binary can
be easily shown to be
N3 =
∫ am
a3
1
 − 1
da
a
=
1
1 −  ln
(
a3
am
)
, (27)
where  = 1/(1 + δ). Eq. (27) shows that not only more
massive clusters eject less binaries, but also the number of
ejected interlopers decreases significantly.
Our numerical approach is similar to the method de-
scribed in Antonini & Rasio (2016), but with at least one
important difference. Antonini & Rasio (2016) calculated the
binary hardening rate from the cluster core density which
was set to be a constant free parameter in the models, and
other calculations in the literature followed a similar ap-
proach (e.g., Miller & Hamilton 2002b; Miller & Lauburg
2009; Choksi et al. 2018). Here, we have used He´non’s prin-
ciple to relate the hardening rate of the binaries to the evolv-
ing global properties of their host cluster.
3.1 Results
In Fig. 2 we show the mass of the merging binaries produced
in four example cases of cluster evolution. We consider two
cluster models with the same initial mass, but different den-
sities. For each model we run two realisations: one where the
spin parameter of the BHs is sampled from a uniform distri-
bution in the range [0, 1), and the other where the BHs have
no spin initially. In the model with the higher density (lower
panel), due to the shorter dynamical friction timescale, the
BHs segregate more rapidly to the cluster core and start to
merge earlier during the cluster evolution. Thus, it is the
value of τdf for the most massive BHs in the cluster that
determines the time of the first merger (i.e., 100 Myr in the
bottom panel, and 1 Gyr in the upper panel). Higher densi-
ties also correspond to a higher binary hardening rate and
retention fraction. For ρh,0 = 106 M pc−3 and initial spins
in the range 0 to 1 (χ = 0), we find that 1873 (1719) merg-
ers are produced in the first 1 Gyr, and of the merger rem-
nants produced over this time, 617 (1400) are retained in the
cluster. For ρh,0 = 104M pc−3, 959 (915) mergers are pro-
duced over ∼ 10 Gyrs, and only 51 (459) of the remnants are
retained. Thus, higher densities lead to a higher retention
fraction and faster evolution, and therefore to a larger prob-
ability that substantial growth occurs by the end of the run.
Accordingly, while in the low density examples the merging
binaries have masses M . 100 M, for ρh,0 = 106 M pc−3 a
BH withM ∼ 104 M is formed in the first few Gyrs. As the
BH grows, the mass ratio q gets further away from unity and
its dimensionless spin magnitude tends to decrease, leading
to progressively lower GW kicks. This keeps the growing BH
safe in the cluster after the first few mergers.
Fig. 3 shows the mass of the heaviest BH formed over
13 Gyr of evolution, Mmax, as a function of cluster proper-
ties. For each value of initial mass and density, we evolved
thirty random realisations and show in the figure the mass of
the largest BH formed in each run. From Fig. 3 we see that
in sufficiently dense and massive clusters (Mcl & 107M;
ρh,0 & 105Mpc−3), BHs mergers can lead to substantial
growth and produce massive seeds. Fig. 3 shows that for the
range of stellar densities we considered ρh,0 ≤ 107Mpc−3,
only clusters with total mass larger than several 106M pro-
duce massive seeds.
In Fig. 4 we plot Mmax as a function of initial clus-
ter escape velocity. There is a clear transition near a clus-
ter escape velocity of vesc,0 = 300 km s−1. Clusters with an
initial escape velocity larger than this value are able to
grow BHs with masses above 1000 M in less than a Hubble
time. Assumptions about metallicity and initial spins have
little or no effect on this conclusion. The transition near
vesc,0 = 300 km s−1 is explained mainly from the fact that the
mean value of the GW kick velocity distribution is around
300 km s−1 for large spins (see Fig. 1 in Amaro-Seoane &
Chen 2016).
For lower escape velocities, i.e., vesc < 300 km s−1, one
finds that assumptions about spins and metallicity affect
the results in important ways (see Fig. 5). In these clusters,
any growing BH is eventually ejected after a few mergers,
so that the maximum mass that can be built though hier-
archical mergers depends significantly on the initial mass
function of the BHs and their initial spins. If the BHs have
initially high spins, the mass of the largest BH formed is
about twice the high mass end of the BH progenitor popula-
tion. Thus, its value depends on metallicity. For Z = 0.1Z,
Mmax ≈ 100 M; for Z = Z, Mmax ≈ 50 M. If the BHs are
formed with no spin, some fraction of the merger remnants
will be retained due to the lowered GW recoil. This sec-
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Figure 7. The upper panel in each figure gives the probability
that a BH of initial mass M0 will still be inside its parent cluster
after 13 Gyr of evolution. Cluster initial parameters are indicated;
we set Z = 0.1Z, and vary M0 in the range [100; 1000]M. For
each cluster mass and density we simulated 100 models. The lower
panels show the mass of the retained BH seeds at the end of
the integration. Upper figure is for initial BH spin magnitudes
distributed in the range χ = [0, 1); in the lower figure instead, the
BHs have zero spin initially.
ond generation BHs, however, are formed with a large spin
χ ' 0.7, and they will be most likely ejected if they undergo
a second merger. It follows that the mass of the largest BH
that can be formed through repeated mergers in this case
is about four times the mass of the largest BH that is pro-
duced by stellar evolution. Accordingly, for Z = 0.1Z and
non spinning BHs, our models do not typically produce BHs
more massive than about 150M (see Fig. 5).
Our results appear to be in good agreement with those
of Rodriguez et al. (2018). These authors investigated the
formation of second generation BHs in their Monte Carlo
models of globular clusters. Thus the comparison we make
here only concerns systems similar to globular clusters
(vesc,0 . 100 km s−1). Rodriguez et al. (2018) found BH
masses as high as ' 150M, but only get to 80M once the
spins were increased (see their Fig. 2).
Amaro-Seoane & Chen (2016) predicted that BH bina-
ries observed by ground-based detectors should have similar
masses, low spin magnitudes and zero eccentricities, regard-
less of how they have formed. Thus, since current detec-
tors only observe a certain subset of all mergers they can-
not distinguish formation mechanisms. The same authors
later showed that a decihertz observatory could instead dis-
tinguish formation mechanisms as the eccentricity imprint
from the formation channels is measurable at lower frequen-
cies (Chen & Amaro-Seoane 2017). We agree with these au-
thors that the bulk of the BH merger populations produced
by field and dynamical channels should have similar proper-
ties in the LIGO/Virgo frequency range, and that repeated
mergers are unlikely to occur in any cluster due to the large
escape velocities required. However, our models also show
that the detection of a BH binary with total mass in the
range ' 100− 200M will immediately imply dynamical for-
mation through hierarchical mergers in a nuclear star clus-
ter. Field formation (from both binaries and triple stars) and
dynamical formation in globular clusters cannot produce BH
binaries with total masses in this range.
Finally, in Fig. 6 we present predictions for the BH
growth timescale (bottom panels), and the fraction of our
models in which a BH of a given mass is formed after 13 Gyr
of evolution (upper panels). The probability that substan-
tial growth will occur in a cluster model appears to be a
strong function of the cluster escape velocity. The forma-
tion probability is one for vesc,0 & 300 km s−1, and it drops
sharply to zero for escape velocities smaller than this value.
The timescale over which the growth of the seed occurs is
most sensitive to the cluster density. We find that our cluster
models with the highest densities (i.e., ρh,0 ≥ 106Mpc−3),
are able to grow a BH with mass M & 103 M in a time
. 1 Gyr, while for ρh,0 = 105 Mpc−3 it takes a time ∼ 10 Gyr
to grow a comparable massive seed.
An approximate value of the minimum cluster density
that is needed in order for mass growth to be able to occur
is obtained by requiring that the following two conditions
are met: (i) vesc,0 > 300 km s−1, and (ii) the BH dynamical
friction timescale is shorter than a Hubble time, i.e. tdf (rh) <
13 Gyr. Using Eq.(6) and Eq.(22) we find that conditions
(i) and (ii) cannot be contemporarily satisfied for ρh,0 .
104 Mpc−3 (m/20 M)−1, and therefore any BH mass growth
should be suppressed in clusters with densities lower than
this value. This conclusion appears to be in agreement with
the results shown in Fig. 6 where we see that for ρh,0 =
105 Mpc−3 it takes a time ∼ 10 Gyr to grow any massive
seed. For densities smaller than this, any BH mass growth
is suppressed.
The main take away from the analysis presented in
this section is that in clusters with initial escape velocity
& 300 km s−1 and averaged density & 105 Mpc−3, repeated
BH mergers should lead to the formation of BHs with mass
above 103M in less than a Hubble time.
3.2 Clusters with a primordial massive seed
In our models, the initial mass function of the BHs has a
natural upper mass limit of about 40M. This limit is set
by the pulsational pair instability supernovae (e.g., Woosley
et al. 2007; Chen et al. 2014), and pair instability super-
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novae (Barkat et al. 1967). If the mass of the Helium core is
& 30M, the formation of electron-positron pairs makes oxy-
gen/silicon burn explosively. Hydrodynamical simulations
show that if the helium core mass is MHe . 64M the
star experiences several pulses that enhance mass loss be-
fore the star forms a compact remnant, while in the range
64 . MHe . 135M the oxygen/silicon ignition releases
enough energy to disrupt the entire star (Woosley 2017).
For MHe & 135M, however, the star is expected to avoid
the pair instability and directly collapse to a massive rem-
nant. Spera & Mapelli (2017) show that very massive stars
with initial mass & 200M and Z < 0.05Z form BHs with
mass above & 200M via direct collapse. This means that,
although rarely, some clusters might form an initial massive
seed well before BH mergers can play any important role.
Gieles et al. (2018b) show that stars above 300M can also
form via stellar collisions in the first few Myrs of evolution
of a dense globular cluster.
After its formation, a massive seed will inevitably merge
with other BHs in the core, and following each merger it will
receive a GW recoil kick. Although such kicks will be some-
what reduced by the smaller mass ratios involved (see Eq.
23), they can still be sufficiently large to eject the seed from
the cluster (Mandel et al. 2008; Holley-Bockelmann et al.
2008; Konstantinidis et al. 2013; Fragione et al. 2018a,b).
Here we calculate the probability for this to happen. We
consider cluster models with various masses and densities,
in which we introduced an initial BH with mass in the range
100 ≤ M0 ≤ 1000M. For each seed mass we integrated
100 cluster models with a given density and mass, and set
Z = 0.1Z. We evolve these models for 13 Gyrs, and plot in
Fig. 7 the fraction of systems in which the seed is still in the
cluster after this time (upper panels). In the lower panels of
Fig. 7, we plot the final mass of the seeds.
Fig. 7 shows that whether a seed will be kept inside its
parent cluster or not depends on the cluster mass. For clus-
ters with mass ∼ 106M, an initial seed mass of M0 & 200M
is needed for the retention probability to be significant. The
lower panels in Fig. 7 show that the mass of the growing
seeds at the end of the evolution is essentially independent
of the initial seed mass, and it is almost exclusively deter-
mined by the cluster mass, in agreement with Eq. (21) and
our discussion in Section 2.1. On average, the value of the
final BH seed mass was also found to be independent of the
initial cluster density.
3.3 Approximations and assumptions
Our models are based on a number of assumptions which we
now discuss and justify in more detail.
We have assumed that the dynamical interactions only
occur between BHs. This is reasonable because for an
evolved cluster, the densities of BHs near the core are ex-
pected to be much larger than the densities of stars. Hence,
BHs will dominate the interactions (e.g., Breen & Heggie
2013; Morscher et al. 2015). Moreover, because close three-
body interactions pair the BHs with the highest mass and
tens of three body encounters are required before merger,
then mergers will be primarily between BHs when they are
present (e.g., Sigurdsson & Hernquist 1993; Gu¨ltekin et al.
2004; Miller & Lauburg 2009). If the number of BHs in the
core is low, then they could exchange more frequently in
Figure 8. The left panel shows the timescale needed to grow
a seed with mass above 5 × 102M, and the right panel gives
the maximum mass of the binary BHs formed as a function of
the cluster initial escape velocity. Unlike our other models, in
these simulations we have included the time delay due to the
wandering of the BH seed off the cluster centre caused by three-
body superelastic scatterings. A comparison to Fig. 4 (top-left
panel) and Fig. 6 (bottom-left panel) shows that this effect does
not represent a limiting factor for the growth of a massive seed.
mass-transferring binaries with main sequence, giant, and
white dwarf companions (e.g., Kremer et al. 2018), which
can lead to an observable electromagnetic signature (e.g.,
Strader et al. 2012). It should be also noted that in the
most relevant case in which dynamical ejections can be ig-
nored (i.e., vesc  v2−1), then the binary hardening rate and
merger time are only determined by the cluster properties
and are independent of the interloper mass (see also Section
2).
Another simplification we made is to neglect the rel-
ativistic corrections of the orbits during binary single-
interactions. The most important corrections are the 2.5pN
terms, which for . 5% of the systems could lead to a faster
merger than predicted by our models. For a detailed discus-
sion of these effects see Gu¨ltekin et al. (2006) and Samsing
(2018).
Finally, we have set the binary merger time equal to
τmerge = τbin+τGW. But the merger time will be exactly given
by τmerge only if the binary remains confined near the core
region so that the rate of binary-single interactions does not
drop significantly below the value given by Eq. (10). This
might not be a good approximation at early stages when
the seed is “light” and can be kicked off the centre due to
three body interactions, causing the hardening rate to go
down or to nearly stop (MacLeod et al. 2016; de Vita et al.
2018). However, the energy balance argument implies that
the overall merger rate of binaries should be hardly affected
by this – if the binary spends a significant amount of time
outside the core region a new binary must form in the core in
order to generate the required heating rate, leaving the BH
merger rate unaffected. Furthermore, the displacement due
to the GW recoils (which are included in our models above)
and the resulting time delay are typically much larger than
those due to superelastic three-body encounters which there-
fore should have a secondary effect on the growth timescale
of the seed.
To demonstrate the latter point, we ran a new suit
of simulations in which the time the binary spends out-
side the core was included in the calculation of its merger
time. Following the numerical procedure described in Sam-
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sing & D’Orazio (2018), we divide the dynamical evolu-
tion of a binary in N2−1 isolated binary-single interactions
that lead to a stepwise decrease in the binary semi-major
axis until a ≈ am. Following the ith interaction, the binary
semi-major axis decreases from ai to ai . The binary centre
of mass receives a kick v2−1 and it is deposited at a dis-
tance rin(v2−1) from the centre. Given the new binary orbit,
we compute the time for the next interaction to occur as
τidf (rin) + τ
i
enc, where τ
i
enc ' 0.2Gm1m22ai E˙−1bin and E˙bin is com-
puted at time t + τidf . The total lifetime of the binary is then
τmerge = τGW+
∑N2−1
i
(τidf + τ
i
enc). We consider models with
Z = 0.1Z and initial BH spins sampled uniformly in the
range χ = [0, 1). The results from these new models are pre-
sented in Fig. 8. A comparison with the results from the
simulations described above (see Fig. 4 and Fig. 6) confirms
that accounting for the delay time due to dynamical kicks
has a small effect on the growth timescale and final mass of
the seed.
4 ASTROPHYSICAL IMPLICATIONS
4.1 Globular clusters
A number of studies have argued that ground based GW
observations will be able to address whether intermediate
mass BHs (IMBHs; generally defined as BHs with mass in
the range ∼ 100 − 105M) can form in globular clusters
via hierarchical mergers of stellar seed BHs (e.g., Miller &
Hamilton 2002c; Gu¨ltekin et al. 2004; Giersz et al. 2015;
Kovetz et al. 2018; Christian et al. 2018). Our dynamical
models show, however, that in clusters with parameters con-
sistent with present-day globular clusters (Mcl . 107M,
ρh . 105M/pc3), it is not possible to form BHs above ≈
100M through mergers of smaller BHs (see Fig. 9), because
their initial escape velocities are too low (. 300 km s−1). This
result appears to be rather insensitive to the assumptions
about dynamics and about the initial distribution of spins
and masses of the BHs. On the other hand, globular clusters
could have formed a massive BH via mergers in the past if
their escape velocities were initially much larger than today;
for example, a cluster mass of Mcl . 106M (105M) would
require an initial half-mass radius rh,0 . 0.1pc (0.01pc). As
shown in Fig. 9 such extremely compact clusters will then
expand within a Hubble time to become the larger clusters
we observe today.
We conclude that if future observations will show that
IMBHs exist at the centre of globular clusters, then the sce-
nario presented here could be a plausible explanation to
their origin and would imply that these systems form at
high redshift with extremely large densities (& 107Mpc−3).
Other scenarios, invoking runaway collisions of massive stars
and/or the collapse of a very massive star (& 200M) could
also lead to the formation of IMBHs in globular clusters
(e.g., Portegies Zwart & McMillan (2002), Gu¨rkan et al.
(2004), Portegies Zwart et al. (2004a), Portegies Zwart et al.
(2004b), Freitag et al. (2006), Mapelli (2016), Gieles et al.
(2018b), and Section 3.2). A GW detection may be the most
promising route to search for IMBHs in globular clusters, be-
cause a convincing detection with other methods remains
elusive (Anderson & van der Marel 2010; Lanzoni et al.
2013; Gieles et al. 2018a; Tremou et al. 2018; Amaro-Seoane
2018b).
4.2 Nuclear star clusters
Nuclear star clusters (NCs) are the most massive and densest
clusters observed in the local universe (Carollo et al. 1997;
Bo¨ker et al. 2004; Coˆte´ et al. 2006). Miller & Lauburg (2009)
and Antonini & Rasio (2016) argued that in most NCs, due
to their large escape velocities, dynamical ejections can be
reasonably ignored. Under these conditions, Eq. (17) gives
the total BH merger rate produced by a cluster of a given
mass and radius, and can be used to determine the total
merger rate per volume produced locally by NCs:
Γtot '
dNgx
dV
fBH
1
NNC
NNC∑
i=1
Γm,i (Mcl, rh) (28)
where Γm is the BH merger rate given by Eq. (17), NNC is the
total number of clusters in the sample considered, dNgx/dV
is the number density of nucleated galaxies in the local uni-
verse, and fBH is the fraction of these galaxies without a
massive BH. Because the value of fBH is poorly constrained
by observations, we leave it as a parameter in our calcula-
tions below, but note that values of fBH & 0.5 are consis-
tent with the results of galaxy formation models (Antonini
et al. 2015), while observations prefer marginally smaller val-
ues fBH ∼ 0.2 (Seth et al. 2008; Nguyen et al. 2018). Most
probably fBH should also be a function of galaxy mass and
morphology, which we ignore here. We assume that the BHs
have all the same mass which we take to be 10M. We set
dNgx/dV = 0.01Mpc−3 (Conselice et al. 2005) and assume
an order of unity occupation fraction of NCs in galaxies,
(Turner et al. 2012; Georgiev & Bo¨ker 2014).
Because the merger rate is determined at any given time
by the current cluster properties through Eq. (17), it is not
affected by the details of how the cluster has evolved and
formed at earlier times nor on the galaxy morphology and
mass. Thus, in order to compute the local merger rate of
BH binaries produced by a population of NCs we only need
to know their present-day values of rh and Mcl, assuming
that these clusters contain BHs. We compute Γm(Mcl, rh)
for the NNC = 151 clusters in the observational sample of
Georgiev et al. (2016) with a well determined mass and
effective radius (see Fig. 9). Then, from Eq. (28) we find
Γtot ≈ 6 fBHGpc−3yr−1. Although necessarily approximated,
this calculation shows that NCs (without a massive BH)
contribute significantly to the overall merger rate of binary
BHs in the local universe (see also Antonini & Rasio 2016,
for a similar result). Including the contribution from NCs
hosting a massive BH could increase these rates significantly
(O’Leary et al. 2009; Antonini & Perets 2012; VanLanding-
ham et al. 2016; Petrovich & Antonini 2017; Hamers et al.
2018).
We showed that clusters with escape velocity vesc,0 &
300 km s−1 and initial densities & 105 M pc−3, can grow a
BH with mass well above ≈ 100M in less than a Hub-
ble time. Such higher densities and escape velocities lead to
higher retention fractions and merger rates, favouring rapid
growth. Now, we turn to the question of whether such ex-
treme conditions are met in NCs. Fig. 9 gives the total mass
and half-light radius (or effective radius) of the NCs in the
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Figure 9. Effective radii and masses of NCs from Georgiev et al.
(2016), and globular clusters from Forbes et al. (2008). Below the
solid-red line our models predict that an IMBH will grow in less
than a Hubble time. The dashed-red lines show the effective ra-
dius of clusters with initial density ρh,0 = 105Mpc−3 and escape
velocity vesc,0 = 300km s−1 after evolving them for 1, 5 and 10 Gyr
(from bottom to top line). If we assume mass follows light, then
rh ' 4/3Reff . Purple symbols are systems for which a central mas-
sive BH has been measured. Orange symbols are NCs for which
there is only an upper limit to the central BH mass. See text for
additional details.
sample of Georgiev et al. (2016). This sample comprises the
NCs in spheroid-dominated galaxies from Coˆte´ et al. (2006)
and Turner et al. (2012), and disk dominated galaxies from
Georgiev et al. (2009) and Georgiev & Bo¨ker (2014). The
range of plausible parameters for which, according to our
previous analysis, hierarchical growth is likely to occur are
indicated by the box in the bottom-right corner of the fig-
ure. This region of parameter space is defined as that where
both conditions vesc,0 & 300 km s−1 and ρh,0 & 105 M pc−3
are met. Remarkably, we find that 17 out of the 151 of the
NCs in the sample have structural parameters that are con-
sistent with being inside this region of parameter space.
Hence a fraction fNC ≈ 0.1 of the present-day NCs meet
the conditions required for fast hierarchical BH mergers to
occur within their cores. If present day NCs with the re-
quired properties exist today, then they must have been
more abundant in the early Universe when densities where
higher. This motivates searches for IMBHs with mass mod-
elling approaches in present day NCs (that do not longer
have the required densities).
If several BHs with masses > 100M are formed, these
will provide strong sources of GWs detectable by Advanced
LIGO/Virgo through their merger and/or ringdown (e.g.,
Miller 2002; Veitch et al. 2015). We compute the correspond-
ing merger rate per volume as
ΓV '
dNgx
dV
fBH fNC
1
NNC
NNC∑
i=1
Γm,i (Mcl, rh) (29)
Figure 10. Intrinsic spin and mass distributions for the merging
binaries with mass M > 100M formed in our cluster models
(cluster radius and mass were uniformly distributed inside the
region where hierarchical growth is possible, i.e., vesc,0 ≥ 300km s−1
and ρh,0 ≥ 105M pc−3). Upper panel is for Solar metallicities,
lower panel is for Z = 0.1Z. Because the spin parameter of the
BHs tends to decrease with the number of mergers, a correlation
exists between mass and spin of the BHs, with the heavier BHs
having the smaller spins.
where fBH should be intended here as the fraction of NCs
in the relevant region of parameter space that do not have
a massive BH, and Γm,i (Mcl, rh) the merger rate of BHs in
the mass range M = [102, 103]M. We compute the sum in
Eq. (29) by evolving a synthetic population of NNC = 100
cluster models with mass and radius distributed uniformly
below the solid-red line in Fig. 9, and impose the conditions
Mcl ≤ 108 M, and ρh,0 ≤ 107 M pc−3. We evolved these
models until a time tf = (23/2 − 1) 23 τrh,0/ζ , after which time
the clusters have expanded significantly and rh(tf ) = 2rh,0.
The basic assumption is that there exists a constant num-
ber of clusters in the high density region of parameter space
where hierarchical growth occurs – this requires replenish-
ment of the clusters on a time-scale ∼ tf (i.e., several times
the cluster relaxation timescale). Under this assumption, the
merger rate of large BHs for each simulated cluster is simply
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Γm ' Nm/tf , with Nm the number of BH binary mergers in
the mass range M = [102, 103]M. We evolved two sets of
models with Z = Z and 0.1Z, and found that they produce
a BH merger rate per volume of ΓV ' 0.04 fBH Gpc−3yr−1
and 0.06 fBH Gpc−3yr−1, respectively. This merger rate can
be compared with existing limits derived from the non-
detection of IMBHs by Advanced LIGO. For 100 − 20 M
binaries, Abbott et al. (2017b) reported an upper limit to
the merger rate of. 10 Gpc−3yr−1 at 90% confidence, broadly
consistent with our findings.
Finally, from our models we compute the detection rate
of large BHs by Advanced LIGO/Virgo as
Γobs '
dNgx
dV
fBH fNC
1
NNC
NNC∑
i=1
1
tf,i
Nm∑
j=1
4pi
3
D3j (30)
where D j is the luminosity distance out to which the ring-
down phase of the j th event can be detected with a S/N of
at least 10. We computed D j using Eq. (A17) in Flanagan
& Hughes (1998), and ignore cosmological corrections which
for current interferometers are small (e.g., Miller 2002). For
Z = Z, our models give a detection rate ΓLIGO ' 0.3 fBH yr−1
for events with total mass > 100 M. Even a small contribu-
tion from lower metallicity clusters increases substantially
these rates. Taking Z = 0.1Z, our models give ΓLIGO '
3 fBH yr−1. Thus, if ∼ 10% of the local high density/mass
NCs have such metallicities (or lower), then the total detec-
tion rate will be increased to ΓLIGO ' 0.6 fBH yr−1.
BHs that are formed from previous mergers admit a
unique mass/spin correlation that could allow our model
to be tested in the near future. This is demonstrated in
Fig. 10 where we show the mass and spin distribution of
the large BHs formed in the NC models. After the first few
mergers, we expect χ ≈ 0.7 (Gerosa & Berti 2017; Fishbach
et al. 2017). But, as the random walk process of accretion of
smaller BHs progresses, χ decreases so that the larger BHs
will also have the smaller spins (e.g., Mandel et al. 2008).
For M & 200M, we find that spins are typically confined
in the range . 0.6. The final spin distribution is sensitive
to the initial mass function of the BHs, and therefore to
metallicity. Because low metallcity stars produce larger BHs,
fewer mergers are needed to reach a certain mass, resulting
in a larger spin parameter at a given M.
4.3 Formation of massive black hole seeds
The end-product of our merger scenario is the production of
IMBHs. Subsequently to their formation, these seeds could
then grow by swallowing stars and/or through standard
Eddington-limited accretion of gas to become the massive
BHs we observe today. A weak test to this idea is provided
in Fig. 9. Here we show the population of NCs with strong
evidence for a massive BH (purple symbols) and NCs with
only an upper limit to the mass of a putative central BH
(orange symbols). We find a sharp transition from clusters
without to with evidence of a central BH at mass larger than
several 106M. This transition is consistent with our previ-
ous analysis showing that the formation of BH seeds should
be favoured for clusters with masses larger than this value
(see Section 3.1). For our scenario to be valid, however, we
require not only that the cluster masses are large, but also
that the clusters are initially sufficiently dense to allow for
rapid growth. Hence, we compare the present-day clusters’
radii to the radii of cluster models with ρh,0 = 105 M pc−3
and vesc,0 = 300 km s−1 that we evolved using Eq. (4) for
1, 5 and 10 Gyr (dashed-red lines). All, but one, of the ob-
served systems have radii that are near, although somewhat
larger than, the predicted radii after 10 Gyr of evolution.
The radii as a function of mass are similar to the results
in Gieles et al. (2010), albeit somewhat larger. This is be-
cause we fixed ψ = 5, where in reality the clusters at 10 Gyr
have narrower mass functions and hence ψ ≈ 2. However,
the initial radii could have been much smaller, because the
Universe was much denser in the past, by a factor (1 + z)3.
This suggests that significant expansion of the cluster, and
BH growth, might have occurred in these systems over the
Hubble time.
Finally, we note that episodic star formation and ac-
cretion of star clusters can lead to morphological and struc-
tural transformation of the nuclei which is difficult to ad-
dress with our simplified models (e.g., Antonini 2013; An-
tonini et al. 2015). A self-consistent assessment of our sce-
nario for massive BH seed formation will therefore require
to model the cluster formation and evolution in a cosmo-
logical set. Binaries with masses between a hundred and a
few thousand Solar masses have frequencies that will make
them detectable by space-borne gravitational-wave obser-
vatories such as LISA (Amaro-Seoane et al. 2007; Amaro-
Seoane 2018a). Third-generation detectors such as the pro-
posed Einstein Telescope (Punturo et al. 2010) and the Cos-
mic Explorer (Abbott et al. 2017a) will be able to probe
GWs in a frequency range reaching down to ∼1Hz and de-
tect BH mergers at high redshift. This will provide direct
constraints on the proposed mechanism, which are indepen-
dent of the uncertain assumptions about the dynamics and
evolutionary history of the clusters.
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